Integer Programming: Criteria for Integrality
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Content in this section is based on Prof. Karthik’s notes: Lecture 9.

Definition 1 (Rational Polyhedra). A polyhedron P C R™ is rational if it can be expressed
as P={x: (alz =0;,Vi € E) A (alx > b;,Vi € )}, where a; € Q" and b; € Q.

Theorem 1. Let P C R™ be a rational polyhedron. For any set S € R", define the
predicate hasInt(S) : SNZ" # (. Then the following are equivalent.

P = convexHull(P NZ").
For every face F of P, hasInt(F).
For every minimal face F' of P, hasInt(F').

e~

Ve € R, maxclz # co = haslnt | argmaxc’z ).
zepP zEP

Ra

Ve € Z", maxc'x # oo = hasInt | argmax ¢’ )
zeP rzeP

6. Ve € Z", maxc'x # oo = maxc’x € Z.
zeP zeP


http://karthik.ise.illinois.edu/courses/ie511/lectures-sp-21/lecture-9.pdf

