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Projected gradient descent is an algorithm for convex constrained optimization that is
similar to gradient descent. In this algorithm, we use gradient descent and if we ever
move out of the feasible set, we project the point back to the feasible set.

Algorithm 1 proj-grad-desc(f,C, zp): Minimize f : R? — R (in C!, not necessarily
convex) over the convex feasible set C. zy € C' is the initial point.

p(min) — .(0)
for ¢ from 0 to oo do
Choose step size ay.
2D — projo(a® — ay V;(2®))
p(min) — AN, ¢ (min) 4 (+4+1)) f(z)
if (stopping criterion) then
return z(™")
end if
end for

1 Finding projection: Example

Projected gradient descent requires a subroutine for finding projection. There is no easy
general method for this. As an example we’ll see how it’s done for the constraint Az = b,
where A is an m by d matrix.

10j 4,4(2) = argmin [ — =]
Az=b
Since ||z — 2| is a convex function, a KKT point will give us the global minimum.
Lz, u) = 3 o = 2| + " (Ax — )
By stationarity, we get
(Vol)(z,p) = (2 —2) + ATp=0 = o=2—- ATy
By primal feasibility, we get
b=Ar=A(z — ATp) = p=(AAT)"Y(Az —b)
— x= (1 — AT(AAT) 1 A)z — AT(AAT) N
The above x is proj ,_,(2).
We can plug the above equation into the algorithm to get a simpler expression:
2D = ¢ _ (1 — AT(AAT)1A) Vf(x(t))
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2 Convergence Analysis

Theorem 1 (Proved eariler). Let f € C}. Then Vz,y € R?
L
Fy) < J@)+ V@) (v = 2) + 5 ly — =
Theorem 2 (Proved earlier). Let C' be a convex set. Let z ¢ C. Then Vx € C
(proje(2) — 2)" (z — proje(2)) > 0

Let the objective function f in the projected gradient algorithm be C.

Theorem 3. The projected gradient algorithm converges if we choose step size less than
2 (but it may not converge to a local minimum,).

Proof.
Typ1 = proje(zy — oy Vy(zy))
= (2441 — 2 + V(@) (20 — 111) > 0 (by theorem 2)
2

Tpy1 — T

— V) (e — ) < 20l )
t
T L 2
f(l’t+1) < f(l't) + Vf(flft) ($t+1 — .Tt) + E H.TtJrl — l’tH (by theorem 1)
o (L1 :

< flxg) + [|wer — 24| R (by equation (1))
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If we choose oy < 2, then f(wy1) < f(x). Assuming that f is lower-bounded, this
means that the algorithm will converge. O]

Theorem 4 (Proved earlier). Let f be C and convex. Then
Vu,v € R f(v) > f(u) + Vi(u) (v — u)

Theorem 5. When f is convex, x,;, converges to a minimum if we choose step size less
than % Also, let x* be a minimum of f, Ep = ming<i<r(f(z;)— f(z*)) and o = min_, o.
Then

lzo — 27|
b=
Proof.
f(@*) = fw) > Vi(a) " (2 — 20) (by theorem 4)

= [l@) < f(@") + Vi(@)" (@ — 27)

L

F@er) < fae) + Vi) (e — 20 + 3 e = o (by theorem 1)
L
< (@) + Vi(2) (2 — 27)) + V(@) (2001 — 20) + o e = s
L

< f(@*) + Vi) (@00 — 2%) + 3 [



Ti1 = Projo(ze — ap V(1))
= (2411 — 2 + s Vi(2,) (25 — 2411) >0 (by theorem 2)
= (Ty41 — $t>T<$t+1 —2") + oy Vf(mt) (11 —2") <0
)"
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Let E(z) = f(z) — f(z*). If we always choose oy < 7, then
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0< FE <
> (35t+1) 20,

= [0l > 11004

Let Ep = ming<i<r E(7;) and o = min/_; o;. Then
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When T' — oo, Er — 0. Since Er = E(Zmin), Tmin converges to a minimum. O
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