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1 Convex function and convex constraints

Let’s analyze the following problem:
min, f(z)

where ¢;(z) <0 Viel
hi(z) =0 Vjel

Here f and ¢; are convex and C'' and h; is linear, i.e. hj(z) = a] z — b;.

1.1 Feasible region is a convex set

Lemma 1 (Homework). The set S; = {z : ¢;(x) < 0} is convez.
Lemma 2 (Homework). The set S; = {z : hj(z) = 0} is convex.

Lemma 3 (Homework). The intersection of convex sets is convex.

1.2 KKT point gives global minimum
Define the Lagrangian as
L(z, A, 1) = f(2) + Ae(z) + p"h()
Lemma 4. If \; > 0 and z is a feasible point, then f(x) > L(x, u, \).
Proof. Since x is a feasible point,

ci(z) <OAhj(x) =0
= Me(z) <0OAp"h(z) =0
— f(z)+ Xe(z) + p'h(z) < f(z)
= L(z, A p) < f(z)

Lemma 5. Let (z*, \*, u*) be a KKT point. Then f(x*) = L(z*, u*, \*).



Proof.

Aci(x®) =0Ahj(z") =0 (complementary slackness and primal feasibility)
— NTe(@) =0A T h(z") =0
= f(z") + N e(a”) + T h(z") = f(a")
— L(z", A" ") = f(z)

Theorem 6 (Proved previously). Let f be C' and convex. Then
Vu,v € R f(v) > f(u) + Vi(u) (v —u)

Theorem 7. Let (x*,\*, u*) be a KKT point. Then z* is a constrained global minimum

of f.
Proof. Let x be a feasible point.

f(z) > Lz, A", 1) (by lemma 4)
= fl@)+ 3 Neil@) + 3 (afe —by)

> (f(z) + Vi(a") (@ - 2%))
£ 30X () + Ve @) (@ = 2)

+ quj (af (z —a*) + (aj 2" = by)) (by theorem 6)
= (f(x*) + Z ANei(z®) + Zuj(afx* — bj)>

+ (z — o) (Vf(x*) + Z A Ve, (%) + Z u;a]) (rearrange terms)
i J

= L(z*, N, 1) + (z — ") (VL) (2%, \*, 1)
= f(a*) (by lemma 5 and stationarity)

Since for all feasible points f(x) > f(z*), * is a constrained global minimum of f. O

Note that unlike the necessary conditions for local minimum, here we do not require
regularity.

1.3 Example: Projection over ball
Consider the optimization problem:
1
min§ |z — z||* where ||z < r?

Here z lies outside the feasible region.



|z — z||” and ||z||” are convex functions (because their hessian is 27, which is positive
definite), so this is a convex optimization problem.

1
L(w, ) = 5 o = 2|* + All=* = )

Applying the KKT conditions, we get
e Stationarity: z = (2\ + 1)z.
e Primal feasibility: ||z < 2.
e Dual feasibility: A > 0.

e Complementary slackness: A(||z|* —72) = 0.

If we take A\ = 0, then stationarity gives us x = z. This violates feasibility, so this is not
. . 2 2 . . .
possible. Therefore, complementary slackness gives us ||z||” = r%. On simplifying, we get

R a=5 (L) f(@) = =12

=2
Il 2\ r
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