CMO: Convex functions

Eklavya Sharma

Definition 1 (Convex set). Let S C RY, S is convex iff
Vu,v € S,Va € (0,1),(1 —a)u+av € S

Definition 2 (Convex function). Let f: S — R, where S is convex. f is convex iff
Va € (0,1),Vu,v € S, f(1 —a)u+ av) < (1 — a)f(u) + af(v)

Theorem 1. f is convex <= (Vu,v € S, Vy(u)'(v—u) < f(v) — f(u))
Proof.

f is convex
= f((1 —a)u+av) < (1 —a)f(u) + a(v)
= fu+a(v—u) < flu) +alf(v) - f(u))

N é(f(quoz(v—U)) — [(u)) < f(v) = f(u)
Let g(a) = f(u+ a(v —u)).

f is convex

_ 9(e) — g(0)

a—0 0% a—0

= ¢'(0) < g(1) — g(0)
= Vi(u)" (v —u) < f(v) = f(u)

Suppose Yu,v € S, Vi (u)T (v —u) < f(v) — f(u).

For any arbitrarily chosen xy and x5 (27 # x2), let x = (1 — a)z1 + axe. Then zy —x =
a(x; —xg) and 9 — . = (1 — a)(zg — x1).

Setting u = x and v = x1, we get

V(@) a(zr — 22) < f(21) — f(2)

Setting u = x and v = x5, we get

= V(@) (1 = a)(z1 — 22) < f(22) — f(2)



Adding these equations with weights 1 — a and «, we get

(1 =) Vi(z) a(z) — 22) — a Vi(z)" (1 = a) () — o)
< (I =a)(f(z1) = fz) + a(f(22) — f(x))

= 0< (1 —-a)f(z1) +af(rz) — f(z)

= f((1 — )21 + azs) < (1 — ) f(21) + af(z2)

= f is convex

]

Theorem 2. If f is convex, and x* is a local minimum, then x* is also a global minimum.
Proof. For all z € RY,
0= f(z")"(z —a") < fx) — f(z")
[

Theorem 3 (Proof omitted). Let f : R* — R and f € C*. Then f is convex iff Hy is
positive semi-definite.



