Weighted Darboux Integrals

Eklavya Sharma

We modify the theory of Darboux integration to incorporate weights. This is similar to
how the Riemann-Stieltjes integral is obtained by incorporating weights in the definition
of Riemann integral.

1 Preliminaries

We assume that the domain of all functions is non-empty, i.e., if we write f : X — Y,
then we assume X # ().

Definition 1 (monotonic function). A function f : [a,b] — R is monotonic if f(y) <
f(z) foralla <y < z<b.

1.1 Supremum and Infimum

For a set X C R, if X does not have an upper bound, then sup(X) := oo, and if X does
not have a lower bound, then inf(X) := —oc.

Lemma 1. For any f,g: X — R,

sup(f(x) + g(x)) < sup f(x) + supg(a). inf (f(x) +9(x) > inf f(x) + inf o).

Lemma 2. For any f: X — R and z € R — {0},

sup 2 f(z) =
zeX

{zsupxex flz) ifz>0

zinfuex f(x)  ifz <0
Lemma 3. Let f: X - R and g:Y — R. Then

sup f(r) +supg(y) = sup (f(z)+g(y)).

zeX yey reX,yeY
inf f(z)+ infg(y) = inf (f(z)+4(y)).

Definition 2 (monotonic limits). Let f : [a,b] — R be a monotonic function. For
€ (a,b], define f~(c) := SUDe(a,0) f(x). Forc € [a,b), define f*(c) :=infoeep) f(2).

Lemma 4. Let f : [a,b] = R be a monotonic function. Then for any c € [a,b), we have
(f)"(e) = (f7)"(e) = fT(c), and for any c € (a,b], we have (f7)(c) = (/") (c) =
f=(e).
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Proof. Let g(x) := f*(x) for € [a,b). Pick any € > 0. f*(c) = inf,¢ cb f(z). Hence,
3z € (¢, b) such that f(2) < f7(c)+e. Now g(c) < g¥(c) < g((c+2)/2) = fT((c+2)/2) <
f(z) < fT(c) + € = g(c) + €. Since this is true for all € > 0, we get g7(c) = g(c), so

(f7)"(e) = f7(c).

Now let g(z) := f~(z) for all z € (a,b]. g*(c) = infyeep) 9(x) < infueep f(z) =
f(c). g7 (c) = infoe(ep) 9(x) = infoeep) [ (2) 2> infocep) f((c+2)/2) = infoc (e cry/2) f(2) =
f*(¢). Hence, g™ (c) = fT(c), so (f7)"(c) = f7(c).

We can similarly show that for any ¢ € (a,b], we have (f~)"(c) = (f7) " (¢) = f~(¢).

O]

1.2 Splitting Intervals

Lemma 5. Let W : [a,b] — R be monotonic and a < b. Let 0 < 6 < 1 and p =
(1—=0)Wt(a)+ W~ (b). Then 3c € (a,b) such that W= (c) < p and W (c) > p.

)

), we have Wt(a) < W(z) < W=(b). If W*(a) = W~(b), then
b) = p for all x € (a,b). Hence, for ¢ = (a+0)/2, we get W (c) =
Now assume W (a) < W~ (b). Then W(a) < p < W (b).

(a,b) : W(2) < p} and B := {2z € (a,b) : W(z) > p}. If Ais
> > Wt(a) for all z € (a,b), which contradicts the fact that
). Hence, A # (). Similarly, B # (.

Proof. For all x € (a,b
W(z) = Wt(a) = W~(
W(e) =W*(c) = p.

Let A := {z €
empty, then W(z)
W(a) = infye(qp Wiz

Let ¢ := inf(B). Then (a,c) C A and (¢,b) C B. Hence, W~ (c) = sup,¢(, o W(x) < p
and W (c) = infreepy W(z) > p. O

Lemma 6. Let W : [a,b] — R be monotonic and a < b. Let 0 < 6 < 1 and pu :=
(1—=0)Wt(a)+ W~ (b). Then Jy,z € (a,b) such that W(y) < p and W(z) > p

Proof. By Theorem 5, we get ¢ € (a,b) such that W~ (¢) < p and W*(c) > u. Pick
y:=(a+c)/2 and z := (¢ +b)/2. Then p > W~ (c) = sup,e(o, W(z) > W(y) and
p < WH(c) =infoeen W(r) < W(2). O

Lemma 7. Let Wy,..., Wy : [a,b] — R be monotonic and a < b. Then IP* =
(o, .-, Tk41) € Pla,b) such that W[ () — Wit (zia) < (W (b) — WS (a))/2 for all
jek+1].

Proof sketch. For any partition P = (yo,...,y) € P(a,b) and any j € [k], there exists
at most one 7 € [n] such that W (y;) — W (yi—1) > (W (b) — W, (a))/2. We call such
an ¢ a W;-long index.

Let Py = (a,b) € P(a,b). For all j € [k], construct P; by finding a W;-long index in
P;_; (if it exists) and splitting it into two using Theorem 5. If a W;-long index doesn’t
exist, then set P; = P,_;. Then P is our P*. O

Lemma 8. Let Wy, ..., W}, : [a,b] — R be monotonic functions and a < b. Then for
any 0 < € < 1 there exists P = (xq,...,x,) € P(a,b) such that n < (k + 1)Mee201/91 <
(k + 1)(1/e)=2**V) and for all i € [n] and j € [k], we have W (z;) — Wi (z;y) <
e(W; (b) = Wj(a)).

Proof sketch. Set Py = (a,b) € P(a,b). For any t € N, we now show how to construct
P, using P,_y. Let P,_y = (yo,.-.,Ym). For each i € [n], split each interval [y;_1,v;]



into a subpartition using Theorem 7. This gives us P, and F; is a sequence of at most
1+ m(k—+1) numbers. Hence, if P, = (o, ..., x,), then n < (k+1)" and for every i € [n]
and j € [k], we get W (z;) =W (2;_1) <275 W= (b) —WT(a)). If we set t = [log,(1/€)],
then 27t < e. O

1.3 Uniform Continuity

Definition 3 (Uniform Continuity). For X C R, the function f : X — R is uniformly
continuous if for every € > 0, there exists a 6 > 0 such that for every x,y € X, if

[z =yl <9, then |f(z) = f(y)] < e

Definition 4. Let v € Rso, X C R, and f: X — R. [ is y-lipschitz if | f(z) — f(y)] <
Y|z —y| for all z,y € X.

Lemma 9. Let f : [a,b] — R be a monotonic function. The following are equivalent:
1. f~(z) = f(z) for all x € (a,b] and fT(x) = f(x) for all x € [a,b).
2. f is uniformly continuous on |a,b.

Proof. Suppose f is uniformly continuous.

Pick any z € (a,b]. Pick any € > 0. By f’s uniform continuity, 30 < é < z — a such
that for alla <z <y <b, |z —y| < § implies |f(x) — f(y)| < e. Then f(2)— f(z—9) <.
Hence,

)2 f7(2) = ztlp)f(y) > f(z=0) = f(z) —e
y€(a,z
Since this holds for all € > 0, we get f~(z) = f(2).

Pick any z € [a,b). Pick any € > 0. By f’s uniform continuity, 30 < 6 < b — z such
that for alla <z <y <b, |z —y| < implies |f(x) — f(y)| < e. Then f(2+6)— f(2) <e.
Hence,

f@) < f7(z) = mf fly) < flz+0)2f(2) +e
Since this holds for all € > 0, we get fT(z) = f(2).

Now suppose f~(z) = f(z) for all z € (a,b] and f*(z) = f(z) for all z € [a,b).
We want to show that f is uniformly continuous. If f(a) = f(b), then f(z) = f(a) for
all z € [a,b], since f is monotone. so uniform continuity trivially holds. Now assume
fla) < £(b).

Pick 0 < € < 1. Let n € N such that n > 2(f(b) — f(a))/e. For 0 < i < n, define
yi := f(a) + (f(b) — f(a))(i/n). Then Q := (Yo, ..., yn) € P(f(a), f(b)). Let o := a and
xp :=0b. For all i € [n — 1], using Theorem 5, we can find z; such that f(x;) = y;. Hence,
P := (zg,...,x,) € P(a,b).

Let § := min]", (z; — x;_1). Suppose a <y < z < bsuch that z—y < 4. Ifx; ; <y <
z <y, then f(z) — f(y) < fl@i) = f(@im1) = yi — yio1 = (f(b) — f(a))/n < €/2. Now
suppose y < z; < z. Thenx; <y <x; < 2 <wipq, 80 f(2) = f(y) < f(@iv1) = fzioy) =
Yir1 — Yie1 = 2(f(b) — f(a))/n < e. Hence, f is uniformly continuous. O



2 Defining Weighted Darboux Integrals

Definition 5 (Weighted Darboux Integral). Let a,b € R such that a < b. Let f,W :
la,b] — R be functions where W is monotonic. Let P := (xo,1,...,%,) where a = xg <
1 < ... <z, =b. Then the jump, lower, and upper weighted Darboux sums of f on
P with weight W are denoted by Jrw(P), Lyw(P), and Usrw(P), respectively. If a =,
then P = (a) and Jrw(P) = Lyw(P) = Urw(P) = 0. Otherwise,

n—1

Trw(P) = f(ao) (W (20) = W(wo)) + D flaa)(WH(a) = W ()

+ Fa) W () = W (@),
Lyae(P)i= Jpae(P) + 0V () = W) (_ind | f0).

LUE(CCi_l,CCi)

Upw(P) == Jrw(P) + Z(Wf(l'z’) — W (2;1)) ( (SUP )f(@) :
i=1 re(ri—1,%;
Let P(a,b) == {(xo,...,xn) :n €Nja=x¢ < ... <z, =b}. Pla,b) is called the set of
partitions of [a,b]. The lower and upper weighted Darboux integrals of f with weight W
are

L a,b): = sup L P Urwl(a,b) = inf Upw(P
sw(a,b) P s (P) rw(a,b) panf s (P)
If Lyw(a,b) = Urw(a,b), then f is said to be W-Darboux integrable on [a,b], and we
denote Ly (a,b) and Uy (a,b) by fabf(x)dW(x)
When W is the identity function, we write Ly and Uy instead of Lyw and Uy,
respectively. If Ly(a,b) = Us(a,b), we denote them by fabf(a:)da:

3 Properties of Darboux Sums

Definition 6 (concatenation). For any P := (xg,...,Zn) € Pla,c) and Q := (Yo, ..., Yn) €
Ple,b), define P | Q :== (xoy- -, T, Y15 ---,Yn) € P(a,b) to be the concatenation of P
and Q.

Lemma 10. Let f,W : [a,b] — R and W be monotonic. Let P € P(a,c) and Q € P(c,b).
Then Lyw (P | Q) = Lyw(P) + Lyw(Q) and Urw (P | Q) = Usw(P) + Upw(Q).

Proof. Let P = (xq,...,x,) and Q = (Yo, - - . ,Ym). For i € [m+n]\ [n] define x; := y;_,,.



Then P | Q = (2o, ..., Tmin)-

Jrw(P) + Jpw(Q) = f(zo)(WT(w0) — W(xo)) + Z f(x - W (:))
+ (@) (W () = W (22)) + f(yo)(W+(y0) — Wi(yo))

3 F OV () = W 00) + ) OV 3) = W30
= Fa) (Vo) = W) + Y )W) — W ()
+ f(xm+n—1)<W(xm+n) - W- (Im—m))
— I (P Q)

It’s easy to see that Lyw (P | Q) — Jrw(P | Q) = (Lyw(P) — Jrw(P)) + (Liw(Q) —
Jrw(Q)), so Lyw(P | Q) = Lyw(P) + Lyw(Q). Similarly, Usw (P | Q) = Usw(P) +
Urw(Q). O

Lemma 11. Let f,W : [a,b] — R and W be monotonic. Let

a:= inf f(x), g := sup f(x).

ve(ab) se(ap)

For any P € P(a,b), we get

f@)(W(a) = W(a)) + (W™ (b) (@) + fO)(W(b) = W™ (D))
< Lyw(P) < Upw(P)
fa)(W*(a) — W (a)) + BW™(b) (@) + F(O)(W(b) = W™ (b))
Proof. (Trivial) O

Lemma 12. Let f,W : [a,b] — R and W be monotonic. Let o < f(x) < B for all
x € [a,b]. Then for any P € P(a,b), we get a(W(b) — W(a)) < Lyw(P) < Upw(P) <
B (b) — W(a)).

Proof. A trivial corollary of Theorem 11. O]

Definition 7 (Refinement). Let P, := (zg,...,x,) € P(a,b) and Py :== (Yo,...,Ym) €
P(a,b). Then P is a refinement of Py if for every i, there exists j such that x; = y;.

Lemma 13. Let P,Q € P(a,b) such that Q is a refinement of P. Let f,W : [a,b] — R
and W be monotonic. Then Lyw(P) < Liw(Q) < Urw(Q) < Upw(P).

Proof. Let P = (xq,...,z,) and @ = (o, .-, Ym). Since @ is a refinement of P, we get
that m > n and there is a sequence (i, ...,i,) € P(0,m) such that z; = y;,.

For j € [n], define P; := (z;_,2;) and Q; := (yy)i_ i~ Then we get Lyw(FP;) <
Liw(Q;) <Upw(Qj) < Usw(P;) using Theorem 11. Sum these inequalities over j € [n]
and use Theorem 10 to get Lyw(P) < Lyw(Q) < Urw(Q) < Usw(P).

0=

Lemma 14. Let f,g,W : [a,b] — R and W be monotonic and let P € P(a,b). Then
Lyygw(P) 2 Lyw(P) + Lyw(P) and Upyyw(P) < Upw(P) + Ugw (P).

bt



Proof. 1t is easy to see that Jyy,w(P) = Jrw(P) + J,w(P). Using Theorem 1, we get
Lyygw(P) = Jppgw(P) = (Lyw(P) = Jpw(P)) + (Low (P) = Jow(P)), and Up o w (P) —

Jprgw(P) < (Upw(P) — Jyw(P)) + (Ugw (P) — Jgw (P)). [
Lemma 15. Let f,W : [a,b] — R, W be monotonic, z € R — {0}, and P € P(a,b).
Then
zL P if z>0 2Usw (P if 2z >0
Law(P) = Hwt0) 220 gy ey = (U D) 0220
2Upw(P)  if2<0 z2Lyw(P)  if2<0
Proof. Follows from Theorem 2. O]

4 Properties of Darboux Integrals

Lemma 16. Let f,W : [a,b] — R and W be monotonic. Then

Upw(a,b) = Lyw(a,b) =  inf (Usw(P) = Lyw(P)) 2 0.

Proof. For any P € P(a,b), we have Uyw(a,b) < Urw(P) and Lyw(a,b) > Lyw(P).
Hence, Upw(a,b) — Lyw(a,b) < Urw(P) — Lyw(P) > 0. Since this is true for all
P e P(CL, b), we get Hence, Uf,W(a, b) - Lf’W(a, b) S infpep(mb)(Uf’m/(P) - Lfyy(P)) 2 0.

Let a := infpep(mb)(Uf’W(P) - Lf’W<P)) Let B = Uf’W(CL,b) - Lf,W(a,b). We want
to show that 8 > a. Assume § < . Let 0 < € < (o — )/2. Then 3P, € P such that
Urw(Py) < Upw(a,b) + € and 3P, € P such that Lyw(Pr) > Lgw(a,b) — e. Hence,
Uf,W(PU) — Lf,W(PL) < 6—|— 2e < .

Let P = (x,...,x,) be a merger of P, and Py, i.e., for all i, z; € PLUPy. Then P is
a refinement of both P, and Py. By Theorem 13, Uy w (P) < Upw (Py) and Lyw (Pr) <
Lf7w(P), SO Uf’W(P) — Lf’W(P) < Uf’W(PU) — Lfyw(PL) < o, which is a contradiction.
Hence, 8 > «, which implies

Urw(a,b) — Lyw(a,b) = Peig(fa b)(Uf,W(P> — Lyw(P)).

[]

Lemma 17. Let f,W : [a,b] = R, W be monotonic, and a < ¢ < b. Then Lsw(a,b) =
Liw(a,c)+ Liw(c,b) and Usw(a,b) = Usw(a,c) + Urw(c,b).

Proof. For any € > 0, 3P, € P(a,c) such that Ly (P) > Lyw(a,c)—eand 3P, € P(c,b)
such that Lyw(P) > Lgw(c,b) —e. Using Theorem 10, we get Lyw(a,b) > Lew (P |
Py) > Lyw(a,c) + Lyw(c,b) — 2e. By picking e arbitrarily small, we get L (a,b) >
Liw(a,c)+ Liw(c,b).

For any P € P(a,b), there exists a refinement P of P such that ¢ € P. Then
P =P, | P, for some P, € P(a,c) and Py € P(c,b). By Theorem 13, we get Liw(P) <
Liw(P) = Liw(P) + Lyw(Py) < Lyw(a,¢) + Lyw(e,b). Since this is true for all
P e P(a,b), we get Lyw(a,b) < Lywl(a,c)+ Liw(c,b).

Hence, Lyw(a,b) = Lyw(a,c) + Liw(c,b). We can similarly prove that Uy (a,b) =
Ufyw(a, C) + Uf7w<c, b) ]



Lemma 18. Let f,W : [a,b] = R and W be monotonic. Let

a:= inf f(x), g := sup f(x).

ve(ab) e(ap)

f@)(W(a) = W(a)) + a(W™(b) = W (a)) + f()(W(b) — W™ (b))
S Lf7W a,b) § Ufyv(@,b)
F@)(W(a) = W(a)) + BW™(b) = W(a)) + f(b)(W(b) — W (b))

Proof. Follows from Theorem 11. O

Lemma 19. Let f,W : [a,b] — R and W be monotonic. Let o and [ be lower and
upper bounds, respectively, on f. Then (W(b) — W(a))aw < Lyw(a,b) < Ugw(a,b) <
(W(b) = W(a))s.

Proof. Follows from Theorem 12. O

Lemma 20. Let f,g,W : [a,b] = R and W be monotonic. Then L¢.,w(a,b) >
Liw(a,b) + Lyw(a,b) and Uprgw(a,b) < Usw(a,b) + U, w(a,b).

Proof. Let Py, P, € P(a,b). Let P € P(a,b) be the merger of P, and P, ie., z € P
ifft « € PP UP,. Then P is a refinement of P, and P,. Using Theorems 13 and 14, we
get Lyrgw(a,0) = Lyrgw(P) = Lpw(P) + Low(P) = Lyw (P1) + Lgw(P2). By taking
suprema over P, and P, we get Ly w(a,b) > Lyw(a,b) + Lyw(a,b). We can similarly
prove Usigow(a,b) < Urpw(a,b) + Uy w(a,b). O

Lemma 21. Let f,W : [a,b] = R, W be monotonic, and z € R — {0}. Then

2Lyw(a,b) ifz2>0
2Upw(a,b)  if2<0’

2Upw(a,b)  ifz2>0

L, b) = :
v (a,0) { zLrw(a,b) if 2<0

sz,w(a,b) = {

Proof. Take supremum over P in Theorem 15. O]

5 Conditions for Integrability

Lemma 22. Let f,W : [a,b] — R where W is strictly monotone (i.e, a < x <y <b
implies W(z) < W(y)). If f has no upper-bound, then Usw(a,b) = oco. If f has no
lower-bound, then Lyw(a,b) = —o0.

Proof sketch. Let P = (xq,...,x,) € P(a,b). Then

sup f(x) = max (m%Xf(xi)vmrélX sup f(x)) :

z€la,b] 0 z€(zi-1,%0)

If f is unbounded, one of the above must be oo, which would make the corresponding
term in Uy (P) infinity. Since this is true for all P € P(a,b), we get Urw(a,b) = co.
We can similarly prove that Ly (a,b) = —oo if f has no lower bound. O



Lemma 23. Let f,W : [a,b] — R be monotone functions. Then L¢w(a,b) = Usrw(a,b).

Proof. By Theorem 19, we get (W (b) — W (a))f(a) < Lrw(a,b) < Urw(a,b) < (W (b) —
Wi(a))f(b). Then Lyw(a,b) = Usrw(a,b) if f(a) = f(b) or W(a) = W(b). Hence, assume
Wi(a) < W(b) and f(a) < f(b).

Pick any € > 0. By Theorem 8, there exists P = (x,...,2,) € P(a,b) such that
W (x;) = WH(z—1) < e(W(b) — W(a)) < e(W(b) — W(a)) for all i € [n]. Now,

Upw(P) — Lyw(P)

n

= GV(%)—W#@iO)< sup  f(x) — _inf )ﬂ@>

1 € (xi—1,2) TE(Ti-1,Ti

< Z(W’(Q:l) — W (i) (f (2:) — f(2i-1))-

< e(W(b) =Wia) p_(f(xi) = f(xi1))-

=1

= e(W(b) = W(a)(f(b) = f(a)).
By picking an arbitrarily small €, using Theorem 16, we get

Urw(a,b) — Lyw(a,b) = Peig(fa b)(Uf,W(P) — Lyw(P)) =0. O

Lemma 24. Let f,W : [a,b] — R, where W is monotone and f is uniformly continuous.
Then Lyw(a,b) = Urw/(a,b).

Proof. Pick e > 0. Since f is uniformly continuous, 39 > 0 such that foralla < z < y < b,
y —x < ¢ implies |f(z) — f(y)| < e

Use Theorem 8 to construct P = (xg,...,x,) € P(a,b) such that for all i € [n], we
have z; — x;_1 < 0. Then for all ¢ € [n] and z,y € (x;_1,2;), we have |f(x) — f(y)| < e
By Theorems 2 and 3, we get

sup  f(z)— inf flz)=sup f(z)—[f(y) <e

$E($i_1,a:i) xe(xiflvivi) z,ye(a:i_ha:i)

Hence,
Urw(P) = Lyw(P)

= Z(Wf(%) — W (2i-1)) ( sup  f(z) — inf )f(x))

(x5 1,15) TE(Ti—1,T5
<N (W () = WH(im))e
< el(zliV_(b) — W(a)).
By making e arbitrarily small and using Theorem 16, we get

Urw(a,b) — Lyw(a,b) = Pei’]gl(f(‘z b)(Uf,W(P> — Lyw(P)) =0. O



Lemma 25. Let R C R. Let g : [a,b] = R and f : R — R such that f is ~-lipschitz.
Let W : |a,b] — R be monotonic. Let h = f - g be the composition of f and g. Then
Unw(a,b) — Lpw(a,b) < v(Ugw/(a,b) — Lyw(a,b)), and for any P € P(a,b), we get
Unw(P) = Lnw(P) < y(Uyw (P) — Lgw(P)).

Proof. Let P € P(a,b). Then

Unw(a,b) — Lyw(a,b) < Upw(P) — Lpw(P)

n

= (W (2;) — WH (1)) ( sup  h(x) — inf h(x))

1 z€(zTi_1,T;) r€(®i—1,24)

n

=) (W) =W (xie1))  sup |f(g(x)) — fg(n))]

i=1 x,y€(wi_1,2;)

(using Theorems 2 and 3)

n

<D (Wi(a) =WH(zia))  sup Alg(x) — g(v)|

i=1 Y€ (Ti—1,24)

= VZ(W_(%) — W (1)) ( sup  g(z)— inf )9($)>

r€(xi—1,%5) T€(Ti—1,2;
(using Theorems 2 and 3)
= 1(Uyw (P) = Low(P)).

Hence,

Uh,W(CL, b) - me(a, b) S Y inf (Ug’W(P) - Lgyw(P»

PeP(a,b)

Using Theorems 2 and 3, we get

Ug7w<a, b) — Lg,W(a, b) = I%f Ug’W(P) — Sl]ljp Lg’W(P) = I%f(Ug,W(P) — Lgy[/(P))

Hence, U}Lw(a, b) - Lh,W(a, b) < V(Ug,w(a, b) - Lg’W(CL, b)) O

Lemma 26. Let W : [a,b] — R be monotonic. Let f : [a,b] — [—c,c] and g : [a,b] —
[—d,d], where ¢ >0 and d > 0. Let h(x) := f(z)g(x) for all x € [a,b]. Then Uy w(a,b)—
Lh7w(a, b) = c(Uf’W(a, b) - Lﬁw(a, b)) + d(Ugy[/(a, b) - ng(a, b))



Proof. Let P € P(a,b). Then
Unw(a,b) — Lypw(a,b) < Upw(P) — Lyw(P)

= Z(W_(l"z) — W (1)) ( G(SUP h(z) — me(i?_fwi) h(@)

x 931'717331')

= > (W (@) = W)  swp (f@)gle) = f»)g(y))

x,y€(Ti—1,%;)

(using Theorems 2 and 3)

— Z —WH(xie1))  sup (g(z)(f(x) = fv) + fw)(9(x) — 9(v)))

x,y€(Ts—1,%;)

SZ(W(%)—W+(SCH))< sup  c|f(z) = f(y)l+ sup dlg(ﬂf)—g(y)\>

Y€ (Ti—1,i) Y€ (Ti—1,)

(by Theorem 1)
= c(Upw(P) = Lyw(P)) + d(Ugw (P) = Lgw (P)).

Using Theorems 2 and 3, we get
Urw(a,b) — Lyw(a,b) = irfl)f Urw(P) — sgp Liw(P) = irfl)f(Uf,W(P) — Lyw(P))

and

Ugw(a,b) — Lyw(a,b) = iIFl)f Uyw(P) — sgp Lyw(P) = irfl)f(UgW(P) — L,w(P)).

Hence, we get Uy, w (a,b)—Lyw(a,b) = c(Usw(a,b)—Lysw(a,b))+d(Uyw(a,b)—Lyw(a,b)).

6 Integration By Parts

Lemma 27. Let f, g : [a,b] — R be monotonic functions. Let P := (xq, ..., z,) € P(a,b).

Let K = Y70 [(f (i) = f (@) (g(zi) =97 (2:)) = (f T (wi1) = f(wim1) ) (g7 (wim1) —g(2i-1))]-
Then Lyo(P) + Uy (P) = Upg(P) + Ly s (P) = f(b)g(b) — f(a)g(a) + K.

Proof sketch. We prove this for the special case of P = (a,b) € P(a,b). The general
result follows from the special case by applying Theorem 10.

Lfg( )+Ugf( )
=/(a)

(97 (a) — g(a)) + fT(a)(g™(b) — g™ (a)) + f(b)(g(b) — g™ (D)

+g(a)(f7(a) — fla)) + g~ (BO)(f () — fT(a)) + g(0)(f(b) — £ (b))

=f(a)g"(a) = fla)g(a) = fT(a)g"(a) + f(b)g(b) — f(b)g™ ()

+f"(a)g(a) - f(a)g(a + f7(0)g™(b) + f(b)g(b) — f~(b)g(b)

=f(b)g(b) — fa)g(a) = (f"(a) — f(a))(g"(a) — g(a)) + (f(b) — £ (b)) (g(b) — g™ (b))

(b)g(b) — f(a)g(a) + K

Note that K is symmetric in f and g. Exchange f and ¢ in the above result to get that
Upg(P) + Lg s (P) = f(b)g(b) — f(a)g(a) + K. O
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Lemma 28 Let f,g : [a,b] — R be monotonic functions. (Then fbf (x) and
f g(x ) exist by Theorem 23.) If either f or g is uniformly continuous, thenf f(z)dg(z)+

J) gt = [(b)g(b) — f(a)g(a).

Proof. Pick any P € P(a,b). Since either f or g is uniformly continuous, K (as defined in
Theorem 27) is 0 by Theorem 9. Let o := f(b)g(b)— f(a)g(a). Hence, L ,(P)+U, ;(P) =
Urg(P) + Lgs(P) = a.

Pick any € > 0. We can find P, and P, such that Lsg(a,b) —€ < Ly ,(P1) < Ly 4(a,b)
and Uy r(a,b) < U, ¢(P) < Uy s(a,b) + €. Let P:= P, UP,. Then P is a refinement of
Py and Py, s0 Ly ,(P) < Lyy(a,b) < L, (P)+€and Uy ¢(P) —e < Uy, s(a,b) < U, (P).
On adding the two equations, we get a — € < Ly (a,b) + Uy s(a,b) < a+ e. Since this
holds true for all € > 0, we get Ly 4(a,b) + Uy f(a,b) = «

Swap f and g in the result above to get Uy 4(a,b) + Ly f(a,b) = a. O

7 Integrals over Infinitesimal Intervals

Lemma 29. Let f : [a,b] — [0,M]. Let W : [a,b] — R be monotonic. For x €
la,b], let {(z) == Lyw(a,x) and u(x) = Urw(a,z). (Then £ and u are monotonic by
Theorem 17 and non-negativity of f.) Then for any ¢ € [a,b), £T(c) — l(c) = u™(c) —
u(e) = fle)W*(c) = W(e)), and for any ¢ € (a,b], £(c) — L (c) = u(c) —u (c) =
fe)W(c) =W(c)).

Proof. Let ¢ € [a,b). For any x € (¢, b), using Theorem 18, we get
Lw(c,x)
> FOVHE) = W) + (inf 1)) V() = W7 (0)
> FO0V* () - W (o)

Hence, infyeep) Lyw(c,x) > f(c)(WT(c)—=W(c)). Now pick any € > 0. Using Theorem 6,
we can pick y € (¢,b) such that W(y) —WT(c) < e(W~(b) —WT(c)). Using Theorem 18,

f U <U
mg(lcb) rwlc,x) < Upw(c,y)

< f(e)(W(e) = W(c)) + ( sup f(2)> (W(y) = W*(c)

z€(cy]

< f(e)(W(e) = W(c)) + Me(W™(b) = W*(c)).

Since this is true for all € > 0, we get infep) Urw(c,z) < f(c
infoe(ep) Lyw(c, z) = infoeep Upw(c, ) = f(c)(WH(c) — W(

(t(c) —Ll(c) = inf (U(xz) —L(c)) = inf Lyw(c,z) = flc)(W*(c)—W(c)).

z€(c,b) z€(c,b)

u(c) —u(c) = inf (u(z)—u(c)) = inf Upwlc,z)= flc)(W'(c)—W(c)).

z€(c,b) z€(e,b)
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Let ¢ € (a,b]. For any z € (a,c), using Theorem 18, we get

Liw(z,c)
> (Lint 1)) (OV7(0) = W)+ FQ0V(0) - W (0)
> f(e)(W(e) = ().
Hence, inf,e(a,e) Lyw(x,¢) > f(c)(W(c)=W~(c)). Now pick any € > 0. Using Theorem 6,

we can pick y € (a, ¢) such that W~ (c) = W(y) < e(W~(¢) —W™(a)). Using Theorem 18,

inf vaw(l’, C) S Uf,W(ya C)

z€(a,c)

< ( sup f(2)> (W= (e) = W(y) + f(e)(W(e) = W (c))

z€[y,c)

< f(e)(W(e) =W (c)) + Me(W™(c) = W(a)).
Since this is true for all € > 0, we get inf,c(,0) Urw(z,c) < f(c)(W ( ) —W~(c)). Hence,
infoc(ae) Lew (2, ¢) = infocae Uspw(z,c) = f(c)(W(c) = W (c)). S

l(c)—L0"(c)= inf (l(c)—L(z)) = inf Lyw(z,c)= f(c)(W(c)— W (c)).

z€(a,c) z€(a,c)

u(c) —u (¢) = inf (u(c) —u(z)) = inf Upw(z,c) = f(c)(W(c)— W (c)).

z€(a,c) z€(a,c)

8 Double Integration

Lemma 30. Let V,W : [a,b] — R be monotonic functions and V' be right continuous,
i.e., V¥(z) = V(x) for all x € [a,b). Let f : [a,b] — [0, M] for some M € Rsq such
that Ly (a,b) = Usy(a,b). Letr: [a,b] — Rsq, where r(z) == [ f(y)dV (y). (Thenr is
monotonic by f’s non-negativity, so r is W-integrable over [a,b)].)

Let h(z) := f(z)(W(b)—=W(x)) for all x € (a,b], and let h(a) := f(z)(W(b)—W (a)).
(Then h is V -integrable over [a,b] by Theorem 26, since f is V -integrable and W is non-
increasing.) Then f; r(z)dW(z) = fab h(z)dV (z

Proof Suppose W (b) = W(a). Then W(x) = W(a) = W(b) for all x € [a,b]. Hence,

fa r(x)dW (z) = 0. Also, h(z) = 0 for all z € [a,b], f h(zx = 0. Now assume
W(b) > W(a).

Pick any P := (zo,...,2,) € P(a,b). For i € [n], define P, := (x,...,x;) € ( LX)
Then for any i € [n], we get Ly (P;) < r(x;) < Usv(B;). Also, r(a) = [ f(y)dV (y) = 0.

For i € [n], let o == infoe(s,_, o) f(7) and B := SUD ey, | ) f(7). Then

Lyv (P, Zf ;)( ~(z) +ZO‘J () = V(@j-1)),
Upv (P, Zf (@)( V_(ij))JrZﬁj(V_(%‘)—V(l’j—l))-

12



Part 1: L v(a,b) < L,w(a,b)
By Theorem 29, r*(z) = r(z) for all x > 0.

L,w(a,b) > L,w(P)
- Zr(:pl)(W— (Tix1) = W™ (23))

(W= (xp41) := W(b) for notational convenience)

> Z Liy(P)W™ (wi41) = W (21))

= Z(W(b) = W (@) (f () (V () = V7 (25) + (V7 (25) = V(2;)))

= KL(P)
Now we will upper-bound Ly, v (P).
inf  h(z)

z€(zi—1,%;)

= il f@)(WE) - W (@)

x€(Ti—1,%;)

< inf )ﬁi(W(b)—W_(l“))

x€(wi—1,2;

6 (W () - W (@) (by Theorem 4)
Hence,
Ly (P) = jzn;hw(wxn ) +Z (L int ha)) (V) = Vi)
< ﬁ;f@n(mb) W) (V) - V()
DBV =W )V () = Vo)
— Ku(P) + 3208, — ) W)~ W () (V™ (z)) — Vis0)

— K4(P) + (W(b) = W(a)(Uyy (P) = Ly (P)).
< Loaw(a,b) + (W(5) — W(@))(Ug (P) — Ly (P)).

Hence, for all P € P(a,b), we have
Lpy(P) < Lyw(a,b) + (W(b) = W(a))(Usyv(P) — Lyv(P)).

13



Pick any € > 0. Then 30, € P(a,b) such that L,y (Q1) > Lpv(a,b) —e. Since f is
V-integrable, by Theorem 16, 3Q2 € P(a,b) such that Usy (Q2) — Ly (Q2) < €/(W(b) —
W(a)). Let Q := Q1 UQs. Then @ is a refinement of )1 and Q9, so by Theorem 13,
we get Lyv(Q) > Lpy(Q1) > Luyv(a,b) — € and Upy(Q) — Ly (Q) < Upy(Q2) —
Liv(Qq) <e/(W(b)—W(a)). Hence, Ly, v(a,b) —e < Lpv(Q) < Low(a,b)+ (Usyv(Q) —
Lv(Q))(W(b)—W(a)) < L.w(a,b)+e. Since this holds for all € > 0, we get Ly, v (a,b) <

Lr7w(a, b)
Part 1: U, v(a,b) > U,.w(a,b)
By Theorem 29, r~(z) = r(z) — f(z)(V(x) =V~ (z)) for all z > 0.

U,w(a,b) < UTW(P)
_Z r(@) (W (zs) — W (2i-1))
—ZN@MWm%WWamwwm—WﬁmA»

(W (z,,) := W(b) for notational convenience)
<Zwv (@) = W (zi1)
- Z F@) (V) = V(@) (W () = W (1)
= Z Fa)(V () = V7 () (W(b) = W (5))

—Z@ V() (W(B) — W (2;-1))

= KU(P).

sup  h(x)

ZCE(l‘i_l,l‘i)

= sup  f(x)(W(b) - W (x))

ze(Ti—1,T;)

> sup  o(W(b) — W (x))

xe(xi,l,zi)

i (W) = W (2;1)) (by Theorem 4)
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+ Z%(W(b) W+(xj_1))(V (zj) = V(xj-1))
= Ky(P) — Z(/BJ a;)(W(b) = W (xj—1)) (V™ (z;) = V(zj-1))
> Ky(P) — (W(b) = W(a)) > (85 — ;) (V™ (;) = V(2j-1))

— Ku(P) — (W) — W(@))(Us (P) — Ly (P)).
> Uy (a,5) — (W(b) = W(@)) (Ug (P) - Ly (P)).

Hence, for all P € P(a,b), we have
Uny (P) = Urw(a,b) — (W(b) = W(a))(Upy (P) = Lyyv(P)).

Pick any € > 0. Since f is V-integrable, using Theorems 13 and 16, we get that for some
Q € P(a,b), we have Uy, v (Q) < Upy(a,b)+eand Usy(Q)— Ly (Q) < e/(W(b)—W(a)).
Hence, Uy (a,b) + € > U, v(Q) > U.w(a,b) — (W(b) — W(a))(Usv(P) — Lsv(P)) >
U,w(a,b) —e. Hence, Uy, v (a,b) > U,.w(a,b) — 2¢. Since this holds for all € > 0, we get
Uhy(a, b) Z UT’W(OJ, b)

Combining parts 1 and 2, and using the fact that r is W-integrable and h is V-
integrable, we get that f;r(x)dW(x) = f: h(y)dV (y). O

9 Rate Sandwich Lemma

Lemma 31 (Rate Sandwich Lemma). Let f,g : Rsog — R be functions where f is
monotone. Then the following are equivalent:

1. f(y) < %@g/(y) < f(z) forall0 <y < z.

2. [} f(x)dx = g(t) — g(0) for all t > 0.

Proof. Suppose fot f(z)dz = g(t) — g(0) for all ¢ > 0. Then for any 0 < y < z, using
Theorems 17, 19 and 23, we get

9(=) — gly) = / Cf@)dz € [f) (= — 1), F(2)(z — y).

Now suppose

o)z 20 5 g
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for all 0 <y < z. Let t € Rsq. Let P := (zg,21,...,2,) € P(0,t). For any ¢ € [n], we
get

9(%) - 9(%’—1)
Ty — Ti—1

flwio) <

Then the lower Darboux sum is

n

Ly(P):= Z(x zi1)f(wi1) < Z (z:) — g(zi1)) = g(t) — g(0),

=1

and the upper Darboux sum is

n

Up(P) ==Y (i — ;1) Z — g(zi-1)) = g(t) — 9(0).

i=1

Hence, L¢(P) < g(t) — g(0) < Uy(P). Hence, Lf(0,t) < g(t) — g(0) < Us(0,¢). By
Theorem 23, Us(0,t) = L¢(0,t), so we get fo x)dx = g(t) — ¢(0). O
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