Chapter 1: Preliminaries

1 Sets

Definition 1 (Set basics).

1. ACB <= (Vze€A,xeB).
A=B <= (ACBABCA).
ACB <= (ACBABZA).
AUB :={z:x€ A orx € B}.
ANB:={re A:x € B}.
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A\ B :={x € A:x ¢ B}.

7. UAi :={x:3i €1 such that x € A;}.

i€l

8. (VAi:={z:ViexeA}.

iel

9. Ax B:={(x,y) :x € A,y € B}.
10. HAi = {(z1,29,...,2,) 1 x; € A; for all i}.
i=1

Theorem 1. 1. ACB «<— ANB=A < AUB=B.
2. A\ (BUC)=(A\B)n(A\C).
3. A\ (BNC)=(A\B)U(A\ Q).
4. AU(BUC) = (
5. An(BNC)=(

ANB)U(ANCQ).
AUB)N(AUC).



2 Relations and Functions

Definition 2 (Relation and function). A relation R between A and B is a subset of
A x B. A function f : A — B is a relation between A and B such that

(a,by) € f and (a,by) € f = by = bs.
D(f):= A (called domain of f), and R(f) := B (called range of f).
Lemma 2. Let f: A— B andg: A— B. Then f =g <= (Vz € A, f(x) = g(x)).

Definition 3 (Image and reverse image). Let f : A — B be a function.

1. For X C A, f(X):={f(x):x € X} is called the image of X under f.
Equivalently, y € f(X) <= (Fr € X, f(x) =v).

2. ForY C B, f7Y(Y) = {z: f(z) € Y} is called the inverse image of Y under f.
Equivalently, v € f~1(Y) < f(z) €Y.

Lemma 3. Let f : A — B. Let X;,X5 C A and Y1,Y; C B.

8 f{(MiuYy) = f1(1)
4. [T NMnYsy) = 1Y) N fH(Y).

Definition 4 (Composition). For functions f: A — B andg: B —C,gof: A—C
is the defined as (go f)(x) = g(f(x)).

Definition 5 (Injection and surjection). Let f: A — B.

1. f is injective (aka one-to-one) <= Vx; € A,Vas € A, (f(x1) = f(2g) = x1 =
ZL’Q).

2. f is surjective (aka onto) <= Yy € B,3x € A, f(z) =y.
Lemma 4 (Composition). Let f: A— B andg: B — C.

1. If f and g are injective, then g o f is injective.

2. If g o f is injective, then f is injective.

3. If f and g are surjective, then go f is surjective.

4. If g o f is surjective, then g is surjective.

Definition 6 (Identity). The identity function idy : A — A is given by ida(x) = = for
all z € A.

Definition 7 (Bijection). A function f : A — B is a bijection iff (the following are
equivalent):



1. f is injective and surjective.

2. 39 : B — A such that go f =id4 and fog =idg. (Then g is called the inverse of
f, and is denoted by f~1.)

Proof sketch of equivalence. If f is injective and surjective, for each y € B, there is a
unique x € A such that f(z) = y. Define g(y) = = and show condition 2. To show that
condition 2 implies condition 1, use Lemma 4. O

Definition 8 (Restriction). Let f : A — B be a function. Let X C A. Then f|X is a
function from X to B such that (f|X)(x) = f(z) for allx € X.

Lemma 5. There is an injection from A to B iff there is a surjection from B to A.

Proof. —:
Let f: A — B be injective. Then for any y € B, f~!(y) contains 0 or 1 elements. Let a
be an arbitrary element of A. Define g : B — A as:

_ e i) = ()
g@_{a it S y) =0

Pick any z € A. Let y = f(x). Then z € f~!(y). Hence, g(y) = z. Hence, g is surjective.
<

Let g : B — A be surjective. Then for any z € A, we have g~!(x) # (). By the axiom

of choice, there is a function f : A — B such that f(z) € ¢ '(x). For any distinct

T1,T9 € A, we have g7 (x1) N g (x3) = (. Hence, f is injective. O

3 Set Cardinality

Definition 9. A set S is countable iff there exists a surjection f : N — S. A set S is
denumerable iff it is countable and infinite.

Lemma 6. A set S is countable iff there exists a surjection f : T — S, where T is
countable.

Lemma 7. There is a bijection from N to N x N. (Hence, N x N is countable.)

Proof sketch. The bijection f: N — N x N is defined as
1: Set j =1
2: for s € N do
3: for i from 1 to s — 1 do
4 Set f(j) = (i, — 1)
o: g+=1
6 end for
7. end for

[]

Theorem 8. Let I be a finite set and for each i € I, let A; be a countable set. Then
[L;c; Ai is countable.



Proof sketch. When |I| = 2, we can show a surjection from N x N to A; x Ay. For larger
|1, use induction on |/]. O

Theorem 9. Let I be a countable set and for each i € I, let A; be a countable set. Then
U,er Ai is countable.

Proof sketch. Since I is countable, there exists a surjection f : N — [I. Since A; is
countable, there exists a surjection g; : N — A;. Then h(i, j) = ¢;(j) is a surjection from
N x N to UiGIAi' ]

Theorem 10. Let A be a countable set. Let B be the set of all finite subsets of A. Then
B is countable.

Proof sketch. Express B as union of k-sized sets and use Theorem 9. For each k, a subset
is finite by Theorem 8. O

Theorem 11 (Cantor’s theorem). Let P be the power set of A. Then there is no surjec-
tion from A to P.

Proof sketch. Assume there is a surjection f : A - P. Let D :={a € A:a ¢ f(a)}.
Since D € P and f is a surjection, we have D = f(ag) for some ag € A. For each case
ag € D and ag &€ D, show a contradiction. O



	1 Sets
	2 Relations and Functions
	3 Set Cardinality

