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We want to bound the inverse of x 7→ x lnx, i.e., if y = x lnx, then we want to lower and
upper bound x by simple functions of y.

Our main result is that x ∈ Θ(y/ ln y). We also prove tighter non-asymptotic bounds.

1 Preliminaries

Lemma 1 (Log bounds [1]).

∀x ∈ R>0,
x− 1

x
≤ lnx ≤ x− 1.

Lemma 2. Let y = x lnx. Then y > 0 ⇐⇒ x > 1 and y ≥ e ⇐⇒ x ≥ e.

Proof.

x ≤ 1 =⇒ lnx ≤ 0 =⇒ y = x lnx ≤ 0.

x > 1 =⇒ lnx > 0 =⇒ y = x lnx > 0.

Therefore, x ≥ 1 ⇐⇒ y ≥ 0.

x < e =⇒ lnx < 1 =⇒ y = x lnx < e.

x ≥ e =⇒ lnx ≥ 1 =⇒ y = x lnx ≥ e.

Therefore, x ≥ e ⇐⇒ y ≥ e.

Theorem 3. Let x ≥ 1 and y = x lnx. Then

1 < ℓ ≤ x ≤ u =⇒ y

lnu
≤ x ≤ y

ln ℓ
.

Proof.

ℓ ≤ x ≤ u =⇒ ln ℓ ≤ lnx ≤ lnu

=⇒ x ln ℓ ≤ y ≤ x lnu =⇒ y

lnu
≤ x ≤ y

ln ℓ

The above theorem is useful because it helps us refine the bounds that we find.

1



2 Bounds when y ≥ e

Theorem 4. Let y ≥ e and y = x lnx. Then x ≤ y.

Proof. By Lemma 2, y ≥ e ⇐⇒ x ≥ e. x ≥ e =⇒ lnx ≥ 1 =⇒ y ≥ x.

Theorem 5. Let x ≥ e and y = x lnx. Then x ≥ y/(ln y).

Proof. Set u = y and use Theorems 3 and 4.

Theorem 6. Let y > 1 and y = x lnx. Then

x ≤ e+ 1

e

y

ln y
.

Proof. By Lemma 2, x > 1.

x ln y

y
=

x(lnx+ ln lnx)

x lnx
= 1 +

ln lnx

lnx

Let t = lnx. Then t > 0 and (x ln y)/y = 1 + (ln t)/t. Define g(t) = (ln t)/t. Then

g′(t) =
1− ln t

t2

g′(t) is positive for t < e, negative for t > e and g′(e) = 0. Therefore, g(t) is maximized
at t = e, and the maximum value is g(e) = 1/e. Therefore,

x ln y

y
= 1 + g(lnx) ≤ 1 +

1

e
=⇒ x ≤ e+ 1

e

y

ln y

3 Bounds when y ≥ 0

Theorem 7. Let y = x lnx. Then x ≤ y + 1.

Proof. x−1
x

≤ lnx =⇒ x− 1 ≤ y.

Define

ℓ(y) =

{
y/ ln(y + 1) y ̸= 0

1 y = 0
.

Note that ℓ(y) is continuous over y ∈ (−1,∞).

Theorem 8. Let x ≥ 1 and y = x lnx. Then ℓ(y) ≤ x.

Proof. This is true for x = 1. For x > 1, set u = y + 1 and use Theorems 3 and 7.

Theorem 9. Let x ≥ 1 and y = x lnx. Then x ≤ 2ℓ(y)− 1.
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Proof. This is true for x = 1, so let x > 1. By Lemma 2, y > 0.

x ≤ 2ℓ(y)− 1 ⇐⇒ 2y

ln(y + 1)
≥ x+ 1 ⇐⇒ 2x lnx

x+ 1
≥ ln(x lnx+ 1)

Define g(x) as

g(x) =
2x lnx

x+ 1
− ln(x lnx+ 1).

To prove that x ≤ 2ℓ(y)− 1, we need to prove that g(x) ≥ 0.

Note that g(1) = 0. If we prove that g′(x) ≥ 0 for all x ≥ 1, then that would imply
g(x) ≥ 0 for all x ≥ 1.

g′(x) = 2

(
lnx+ 1

x+ 1
− x lnx

(x+ 1)2

)
− lnx+ 1

x lnx+ 1

=
x2(lnx− 1) + 2x(lnx)2 + lnx+ 1

(x+ 1)2(x lnx+ 1)

x2(lnx− 1) + 2x(lnx)2 + lnx+ 1

≥ x2

(
x− 1

x
− 1

)
+ 2x

(
x− 1

x

)2

+
x− 1

x
+ 1 (since x > 1 and by Lemma 1)

= x+
1

x
− 2 =

(√
x− 1√

x

)2

≥ 0

Hence, for x ≥ 1, g′(x) ≥ 0 =⇒ g(x) ≥ 0 =⇒ x ≤ 2ℓ(y)− 1.

Theorem 10. Let y = x lnx. Then ℓ(y)− 1 ≤ x.

Proof. (TODO)
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