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Game Theory is the study of mathematical models of interaction between rational and
intelligent decision makers (the decision makers are also called agents or players). We
will look at one such model here, called strategic form games.

A strategic form game T is a tuple (N, (S1,Ss,...,S,), (u1, us, ..., u,)), where

e N:={1,2,...,n} is called the set of players.

e For each i € N, S; is called the strategy set of player i. Each element in S; is called
a strategy or action.

e S:=5 x5 x...x5, is called the strategy profile collection or outcome set. Each
element of S is the tuple s := (s1, 82, ..., ,), called a strategy profile or outcome.
Here s; corresponds to the action of player %.

e u; : S +— R is called the utility function of player 7.

We will usually use a more concise notation for vectors of length n, for example,
(Sl, SQ, P Sn) = (Si)iGN and (ul, Uug, . .. ,un) = (Ui)z‘eN-

In this model, each player ¢ will simultaneously choose an action s; € .5;, and will receive
utility u;(s), where s := (s;);en. The players cannot coordinate, i.e., they choose their
actions independently. Our aim in game theory is to predict the outcome s of the game
under the following assumptions:

e Rationality: each player i wishes to maximize her utility u;(s).

e Intelligence: all players are extremely skilled (at game theory, math, logic, etc.)
and resourceful.

e Common knowledge: all players know I' (i.e., they know the number of players, the
strategy sets of all players and the utility functions of all players), they know that
all players know I', they know that all players know that all players know I', and
SO on.

For a strategy profile s, let s_; := (s1,592,...,8i-1,Sit+1,---,5n). Let S_; := S; X Sy X
XS7;71 XSiJrl X .. XSn.



1 Examples

1.1 Coordination game

There are 2 players: 1 and 2. There are 2 locations: A and B. Each player has to choose
a location. The players want to spend time together, so if they choose different locations,
their utility is 0. They both like place A more than place B, so if both choose A, they
both have utility 100, and if both choose B, they both have utility 10.

To model this situation as a strategic form game (N, (S;)ien, (4;)ien) We have
o N ={1,2}.
° Sl = Sg = {A,B}

0 51 7 52
e For eachi € N, u;((s1,52)) = ¢ 100 s1 =5, = A.
10 S1 = S92 = B

We can depict (u1,us2) as a matrix, called the payoff matriz:

P
| A B
A 100,100 | 0,0

B 0,0 10, 10

1.2 Braess Paradox

Consider the following road network, where 1000 players wish to travel from S to T', and
each player wants to minimize the time taken to travel from S to 7.

The weight of an edge gives the time taken to traverse that edge. Here m is the number
of vehicles using that road, and ~ is a constant. The utility of a player is the negative of
the time taken to travel from S to 7'

Each player has 3 strategies:

e Strategy A: go from S to A to T

e Strategy B: go from S to B to T.



e Strategy AB: go from S to A to B to T.

For a strategy profile s and action X, let nx(s) be the number of players who chose
strategy X. Note that na(s)+ng(s)+nap(s) = 1000. We can define the strategic form
game (N, (S;)ien, (w;)ien) as follows:

o N =1{1,2,...,1000}.

e Foreachi e N, S; ={A, B, AB}.

(na(s) +nap(s)

25 s;=A
50 e
e Foreachi € N, u;(s) = —< 25 + np(s) ;OnAB(S) s;=DB
20+  azs) s — AB
~ 50 '

There are two important values of v that we will consider: 0 and oco. Intuitively, it looks
like congestion should be lower for the v = 0 case, but we will later see that congestion
is actually lower for the v = oc.

1.3 Sealed bid auction

An item is being sold at an auction. There are n bidders who participate in the auction,
numbered from 1 to n. Each bidder has a valuation v; for the item, which is not known
to other players.

Each player i simultaneously places a bid of s; € R for the item. s := (s1,2,...,58,) is
called the bid profile. The winner is the player with the highest bid. If there are multiple
players with the highest bid, then the player among them with the lowest index is the
winner. Let w be the winning player. Player w will pay t(s) for the item (¢ is a function of
the bid profile s). Other players don’t pay anything. The utility of player w is v,, — t(s).
The utility of other players is 0.

We can model this as a strategic form game (IV, (S;)ien, (¢;)ien) as follows:
e N={1,2,...,n}.
e Foreachie N, S; =R.

v; —t(s) if player ¢ wins

e For each i € N, u;(s) = {O therer
otherwise



	1 Examples
	1.1 Coordination game
	1.2 Braess Paradox
	1.3 Sealed bid auction


