
Theorems

1 Abstract Algebra

Definition 1. A monoid M is a set S along with a binary operator ◦ : S × S → S which
satisfies these properties:

1. Associativity: ∀a, b, c ∈ S, (a ◦ b) ◦ c = a ◦ (b ◦ c).

2. Existence of Identity: There exists an element e ∈ S, called an identity of S, such that
∀a ∈ S, a ◦ e = e ◦ a = a.

Lemma 1. Every monoid has a unique identity.

Proof. Let M = (S, ◦) be a monoid. Let e1 and e2 be any two (possibly identical) identities
of M . Then e1 ◦ e2 = e1, because e2 is an identity, and e1 ◦ e2 = e2, because e1 is an identity.
Hence, e1 = e2. Hence, M has a unique identity

2 Convexity

Definition 2. For a finite set P := {x1, . . . , xn}, the convex hull of P is defined as

conv(P ) :=

{
n∑

i=1

αixi

∣∣∣∣ αi ∈ R≥0 and
n∑

i=1

αi = 1

}
.

Theorem 2 (Carathéodory’s theorem [1]). Let x ∈ conv(P ), where P ⊆ Rd is a finite set.
Then x ∈ conv(Q), where Q ⊆ P and |Q| ≤ d+ 1.
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