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The Fair Division Problem

Distribute (indivisible) goods among

agents fairly.

Input: n agents and a setM ofm goods.

vi(g) is agent i’s value for good g.
For any S ⊆ M , let vi(S) :=

∑
g∈S vi(g).

10 4 8 9 3

5 3 3 8 2

5 2 0 2 2

𝑛

𝑚

Output: an alloction A = (A1, . . . , An),
where Ai is agent i’s bundle of goods.

𝐴 = ({ , }, { }, { , })

Defining Fairness

Envy-freeness (EF): Agent i is envy-free
in allocation A if for every j 6= i, we have

vi(Ai) ≥ vi(Aj).

Proportionality (PROP): Allocation A is

PROP-fair to agent i if vi(Ai) ≥ vi(M)/n.
vi(M)/n is called i’s PROP-share.
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Figure 1. An allocation that is both EF and PROP.

Theorem: If agent i is EF in allocation A,
then A is PROP-fair to i.

EF or PROP allocations may not exist!

E.g., ifm = 1.

Approximate Fairness

Even though we can’t be exactly fair, we

can be approximately fair.
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Figure 2. For n = 3 andm = 8, (3, 3, 2) is fairer than (5, 2, 1).

When goods are identical, each agent

should get bm/nc or dm/ne goods.

Equivalently, any two bundles should

differ by at most 1 good. How do we

generalize this?

Notions of (approximate) fairness of al-

location A to agent i:

EFX: ∀j 6= i, ∀g ∈ Aj, vi(Ai) ≥ vi(Aj \ {g}).

EF1: ∀j 6= i, either Aj = ∅ or vi(Ai) ≥
vi(Aj \ {g}) for some g ∈ Aj.

MMS: vi(Ai) ≥ µi := max
(X1,...,Xn)

n
min
j=1

vi(Xj).

EEFX: ∃ allocation B such that Bi = Ai

and B is EFX-fair to i.

For n = 2, EF = PROP and EFX = EEFX.

Allocation EF1 EFX MMS EEFX

({!,"}, {#}) ✓ ✘ ✘ ✘
({!}, {#,"}) ✓ ✓ ✓ ✓

Figure 3. Example with n = 2 andm = 3.
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Figure 4. F1→F2 iff every F1-fair allocation is also F2-fair.

Key Problems

Feasibility: Does a fair allocation exist

for every input?

Computability: Can we find a fair al-

location in polynomial time if it exists?

Known Results

notion feasible computable

EFX open open

EF1 yes polytime [9]

EEFX yes polytime [4]F
MMS no NP-hard [5]

3/4-MMS yes polytime [8]

For n = 2, EFX is feasible and polytime

computable.

Introducing Randomness

Using randomization, we can get EF and

PROP ex ante (i.e., in expectation).

E.g., for 3 agents and 7 identical goods,
we output one of (3, 2, 2), (2, 3, 2), and
(2, 2, 3)with probability 1/3 each.

Notions of randomized fairness of allo-

cation A to agent i:
ex ante EF: ∀j 6= i, E(vi(Ai)) ≥ E(vi(Aj)).
ex ante PROP: E(vi(Ai)) ≥ vi(M)/n.

ex post ex ante

[2] EF1 EF

[3] 1/2-MMS PROP

[6] EF1 + 1/2-EFX 1/2-EF
F[1] 3/4-MMS 0.8253-MMS

For n = 2, EFX + ex ante EF was known

[6], but not in polytime. We give an

O(m logm)-time algorithm [7]F.
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